ESTIMATION PROBLEM

Estimate
Yy

Y.

x]-,...

a random variable

s TN -

a set of related measurements.
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LMS ESTIMATION REVISITED

FORM OF ESTIMATE

T

g=a""x =ajx1 +aszr+ ... +ayzy

ORTHOGONALITY PRINCIPLE

Theorem: Let ¢ = y — y be the error in estimation. Then a
minimizes the mean-square error of = E{\y — g|2} if a is chosen
such that E{z;e*} = E{aaz,jf} =0 2=1,2,...,N, that is, if the
error is orthogonal to the observations. Further, the minimum
mean-square error is given by ¢2 = E{ye*} = E {ey*}.
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PROOF OF ORTHOGONALITY

Let a be any weighting vector and a®t be the weighting vector
that results in orthogonality. Then

c=y—aTe=y— (@) s+t —a) z=cl+(al—a) z
where &1 is the error that results from using a-+. Now observe
2 =E{P} = Bl +@ -2 D + @ - o))
E{le?) + (at —a)" E{a(eh)*)
+E{eta* ) (at —a) + z{qai _ a)*T:pF}
E{|= 2} + E{I@" - ) 2]

This is minimized when a = at.
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PROOF OF ORTHOGONALITY (cont’d.)
To find the minimum mean-square error:
(@D =E{eH D) = E{v - @) )

= E{y(=)"}
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LMS ESTIMATION PROBLEM

e Random variable y, vector of observations «x,
both have zero mean and may be complex.

e Estimate of the form: § = a*f'x where

_5131_ _a]__

xXr a
r=| 72 a=| 92

| TN | AN

e Choose a to minimize g, =‘E{|y—§\2}



SOLUTION TO LMS ESTIMATION

Apply orthogonality principle:
E{xe™} = Z{w(y — a*Ta:)*} = Z{a:(y* — a:*Ta)} =0
Thus

ey — Rpya=20 or. .. Rgya = ey

The mean-square error is:

02 =E{y=*} = E{y(y* — «*"a)}

or ... |o2=02 1ila
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POSTULATES FOR A VECTOR SPACE

1. A vector space V is a set of elements u,v,--- such that if
u €Y and v € L then there is a unique element
u+tvey

called the sum. Further if ¢ is from an associated field, such
as the field of complex numbers, then the scalar product is
an element

c-uey

with certain associative and distributive properties.

2. A vector space is an inner product space or a Hilbert space
if an inner product (u,v) between elements is defined.
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VECTOR SPACE INTERPRETATION OF THE
ORTHOGONALITY PRINCIPLE

e Elements of V are

] Plane defined by
random variables. z, and 7,
e Inner product is 4

expectation; e.qg.,

() E E{ye*}.
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OPTIMAL FILTERING PROBLEM

z[n]

Linear
filter

= ([n]
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TYPICAL WIENER FILTERING PROBLEMS

Problem Form of Observations Desired Sequence
Filtering: signal in noise x[n] = s[n] + n[n] d[n] = s[n]
Prediction: signal in noise  z[n] = s[n] + n[n] d[n] = s[n 4+ p]
Smoothing: signal in noise z[n] = s[n] + n[n] d[n] = s[n — q]
Linear prediction x[n] = s[n — 1] d[n] = s[n]
General nonlinear problem  z[n] = G (s[n],n[n]) d[n] = s[n]
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CONCEPTS FOR OPTIMAL FILTERING

FORM OF ESTIMATE AND ERROR

d[n] = (&[n])"h; e[n] = d[n] — d[n]
- z[n] [ h[0]
where  #[n] = xn — 1] h — Eh-l]
z[n— P+ 1] | h[P—1]

ORTHOGONALITY PRINCIPLE

E{z[n]e*[n]} =0; of = E{d[n]e*[n]}
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DERIVATION OF EQUATIONS

The orthogonality principle states:

E{x[n]e*[n]} = E{Z[n](d"[n] — (Z[r])*'h*)} =0

or Rexh=r71,,. (Wiener-Hopf equation)

The minimum mean-square error is given by:

oz = E{d[n]e*[n]} = E {d[n](d*[n] — (Z[n])*"h*)}

or 02 = Ry[0] — h*TF 4,

where Rg = E{m[n]m*T[n]} . rap = E{d[n](xz[n])*}
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EQUATIONS FOR OPTIMAL FILTERING

WIENER-HOPF EQUATION

[ R,[O] R.[-1] -+ RJ[-P+1]] [ r[O] 1 [ RalO]
Rx[l] Rx[o] Rm[_P—I_Q] h[l] — Rdm[l]
RIP-1 RAP-2] - R0] || hP-1] | RulP-1]

MEAN-SQUARE ERROR

P—-1

02 = Ry[0] — Y h*[[] Ry, (1]
(=0
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Insert Example 7.2 here.
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Insert Example 7.3 here.
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